2 ) is a simply connected, smooth, closed manifold M such that H * (M ; Q) ∼ = Q[α]/ α
integrality conditions are equivalent to a single quadratic residue equation (see Section 3). In Sections 4 and 5, we apply these simplifications to answer the existence question for QP 2 in all but five dimensions less than 2 13 and, in particular, to prove Theorem A.
Section 5 also contains some general non-existence results. They rely on congruences of Carlitz and Kummer, and obstructions from irregular prime factors of the numerators of the divided Bernoulli numbers. The results provide new infinite families of dimensions that do not support a QP 2 (see Section 5 for precise families of dimensions obstructed).
Theorem B. There are infinitely many dimensions of the form 2 a , and infinitely many dimensions of the form 8(2 a + 2 b ) with a = b, that do not support the existence of a QP 2 .
As mentioned above, Fowler and the second author proved that no QP 2 exists in a dimension not of the form 2 a or 8(2 a + 2 b ) for some a = b (see [FS16] ). It remains an open question whether infinitely many dimensions, and whether any dimension of the latter form, can support a rational projective plane.
We specialize in Section 6 to the Spin case, and we classify the dimensions that support a Spin QP 2 . Note that HP 2 and OP 2 are examples in dimensions 8 and 16.
Theorem C. A Spin QP 2 exists in dimension n if and only if n ∈ {8, 16}.
The necessary and sufficient conditions for existence of Spin QP 2 are analogous to the smooth case except the Spin Hattori-Stong integrality conditions involve theÂ-genus instead of L-genus. The obstructions coming from the signature equation, integrality ofÂ-genus, and one of the Spin Hattori-Stong conditions are sufficient to prove no Spin QP 2 exists in dimensions n > 16.
Finally, we discuss existence questions for rational projective spaces. Extending the notation above, let QP We illustrate this theorem with some examples: I. By Theorems A and D, higher dimensional analogues QP n 8 of rational Cayley planes exist for n ∈ {4, 16, 32}. Note that QP n 8 exist for all odd n (see [FS16] In light of the last example, it may be asked whether every power of two can be realized as the degree d of a QP n d for some n ≥ 2. The answer is yes by Theorem D if infinitely many dimensions equal to a power of two support a QP 2 , but this too remains an open question.
Preliminaries
We consider the question of whether a QP 2 exists in dimension n. By the graded commutativity of the cup product, the dimension n must be a multiple of four. Moreover, the second author proved that, except for dimension four, a QP 2 can exist only if n = 8k for some integer k (see [Su14] ).
We first outline the necessary and sufficient condition for the existence of a simply connected, closed, smooth manifold realizing a prescribed rational cohomology ring. If M 8k is an 8k-dimensional QP 2 , then all its rational Pontryagin classes vanish except for p k ∈ H 4k (M ; Q) and p 2k ∈ H 8k (M ; Q). Hence the total L class can be written as
As derived in [MS74] and [And69] , the coefficients are
With a choice of orientation, we may assume that the signature of M is 1. The following necessary conditions must hold true:
(1) (Hirzebruch signature equation)
(2) (Hattori-Stong integrality condition from
(3) (Pontryagin numbers of QP 2 ) p 2 k , µ = x 2 and p 2k , µ = y for some integers x and y
Condition (3) is a consequence of the rational cohomology ring structure of M . Since H * (M ; Q) = Q[α]/ α 3 , where α is any generator in H 4k (M ; Q), we may write the Pontryagin classes p k = aα and p 2k = bα 2 for some rational numbers a and b. By the choice of orientation, the rational intersection form of M is isomorphic to 1 and the signature is 1, so we must have α 2 , µ = r 2 for some rational number r, then the Pontryagin numbers of M can be expressed as p 2 k , µ = a 2 r 2 = x 2 and p 2k , µ = br 2 = y, where x and y must be integers because the Pontryagin numbers of a smooth manifold must be integers. With this substitution, the signature equation (1) can be written as
The Hattori-Stong integrality condition (2) characterizes the integral lattice in Q p(8k) formed by all possible Pontryagin numbers of a smooth 8k-dimensional manifold in Ω SO 8k . The e l classes are defined as follows. If one writes the total Pontryagin class formally as
, the k-th Pontryagin class can be expressed as the k-th elementary symmetric function of t i .
Consider the variable T i that is written as a power series of t i as follows:
We denote the l-th elementary symmetric functions of the variable T i as
Since each e l class can be written as a rational linear combination of monomials of the Pontryagin classes p k , in our case of QP 2 , each e l class can be written as a rational linear combination of p 2 k and p 2k . Therefore the Hattori-Stong Integrality condition (2) can be expressed as a set of integrality conditions on the Pontryagin numbers p 2 k , µ = x 2 and p 2k , µ = y.
As discussed in [Su14] , by the rational surgery realization theorem ( [Bar76] and [Sul77] ), the above necessary conditions are also the sufficient conditions for the existence of a QP 2 . More precisely, there exists a smooth closed manifold M in dimension n = 8k such that H * (M ; Q) = Q[α]/ α 3 if and only if there exist pair of integers x 2 and y which realize the Pontraygin numbers of a QP 2 as in (3), and they satisfy the signature equation (1) and the Hattori-Stong integrality conditions in (2). So the problem is reduced to solving a system of Diophantine equations, which is purely an elementary number theoretic problem.
Reducing the integrality conditions
In the proof of existence of 32-dimensional QP 2 in [Su14] , the second author explicitly computed the Hattori-Stong integrality condition in dimension 32. The calculation involved concretely writing each e l classes in Condition (2) in terms of the Pontraygin classes p 2 4 and p 8 . In this section, we simplify the Hattori-Stong integrality condition in our case of QP 2 to a much simpler form. The argument works for any dimension. 
Moreover, for any pair of integers x and y satisfying the above conditions, there is a QP 2 whose Pontryagin numbers satisfy p 2 k , µ = x 2 and p 2k , µ = y. We spend the rest of this section on the proof. Condition (1), the signature equation, is the same as Equation (4a), and Condition (3) on the integrality of the Pontryagin numbers is implicit in the statement. Therefore it is sufficient to show that the Hattori-Stong integrality conditions stated in Condition (2) are equivalent to Equations (4b) and (4c). Since a QP 2 satisfies p ω = 0 except possibly for p k , p 2 k and p 2k , Condition (2) is equivalent to the claim that e l ·L, µ ∈ Z[1/2] for all 1 ≤ l ≤ 2k and that e l e m ·L, µ ∈ Z[1/2] whenver 1 ≤ l + m ≤ 2k.
In the following lemma, we calculate the e l class in terms of the Pontryagin classes.
Lemma 2. If p ω = 0 except p k , p 2 k and p 2k , then
and
where
Proof. For any partition ω = (ω 1 , · · · , ω r ), there is the monomial symmetric polynomial m ω (t) =
Let us denote the m l polynomial of the variable T i by
Note, in particular, that
Similar to the calculation carried out in [BLLV74] page 488, we find the coefficient of p k and p 2 k in m l . Let {−} k denote the degree k terms in an expression. We have
Using Equation (7) and the fact that m l only contains terms of degree at least l, this implies that
By the Newton-Girard identities relating the monomial symmetric function m k (t) with the elementary symmetric functions p i = σ i (t),
Again by the Newton-Girard identities relating the symmetric functions m l = m l (T ) and
c ω e ω .
Since p k , p 2 k and p 2k are the only non-trivial classes, and each class e i can be expressed as a rational linear combination of these classes, e ω = 0 if the partition ω has length ℓ(ω) > 2. Then we may express
e i e l−i , which gives (6a) if we plugin (9), and (6b) if we plugin (8).
Using Formula (5) for e 1 from this lemma, we obtain the formulas
where p 2 k , µ = x 2 and p 2k , µ = y. Note that these are Conditions (4b) and (4c) in Theorem 1. To complete the proof of Theorem 1, it suffices to prove that the conditions e 1 ·L, µ ∈ Z[1/2] and e 1 e 1 ·L, µ ∈ Z[1/2] imply that e l ·L, µ ∈ Z[1/2] for all l ≤ k and e l e m ·L, µ ∈ Z[1/2] for all l + m ≤ 2k.
Lemma 3. If p ω = 0 except possibly for p k , p 2 k , and p 2k , and if e 1 e 1 ·L,
Proof. By Equation (5) in Lemma 2, e 1 e 1 ·L = (p k /(2k − 1)!)
2 . Together with Equation (6b), this implies that
To prove the lemma, it is sufficient to show that l divides M l (k) for any integer l. By the definition of M l (k) in Lemma 2, it suffices to show that l divides 
Proof. By lemma 2 equation (6a),
By the proof of Lemma 3, we have that l divides M l (k), so the assumption of the lemma implies that the first term lies in Z[1/2]. Moreover, the terms involving e i e l−i ·L, µ lie in Z[1/2] by Lemma 3, so it suffices to show that the second term lies in Z[1/2]. To do this, note that
and that
Hence it suffices to prove that l divides 2l j (l−j) and that (l−j) 2k−1 (l − j) 2k − 1 |B 2k |/(2k) is an integer for all 0 ≤ j ≤ l−1. The first of these statements holds by the proof of Lemma 3. The second nearly holds by the Lipschitz-Sylvester theorem that a 2k (a 2k −1)B 2k /(2k) ∈ Z for all integers a (see, for example [IR90, p. 247]). In fact, an elementary argument shows that the statement still holds with a 2k replaced by a 2k−1 , as required (cf. [Sla95] for a stronger statement that a 2k can also be replaced by a ⌊log 2 (2k)⌋+1 ).
Reducing to a single quadratic residue equation
It was proved in [FS16] that QP 2 can only exist in dimensions of the form n = 8k where k = 2 a + 2 b for some integers a ≤ b. This result follows by a consideration of the 2-adic order of the coefficients in the signature equation. Here we divide into two cases, k = 2 a and k = 2 a + 2 b with a < b. In each case, we combine the integrality conditions involving (4b) and (4c) with the signature equation (4a). The result is equivalent to one single quadratic residue equation.
We introduce the following notation and recall some well known facts about Bernoulli numbers (see [IR90,  Chapter 15]):
• ν 2 (n): the 2-adic order of n.
• wt(n): the number of ones in the binary expansion of n.
• Od[n]: the odd part of n, i.e., n/2 ν 2 (n) .
• N n : the numerator of the divided Bernoulli number |Bn| n . N n is 1 only for n = 2, 4, 6, 8, 10, 14, otherwise it is a product of powers of irregular primes.
• D n : the denominator of the divided Bernoulli number |Bn| n . By the theorem of von Staudt-Clausen, D 2k = p−1 | 2k p µ+1 where p µ is the highest power of p dividing 2k.
• OD n : the odd part of the denominator of the divided Bernoulli number |Bn| n .
The e 2 1 · L condition (4c) in Theorem 1 requires
for some integerx with the same parity as x. Together with a change of variable z = 2y − x 2 , the signature equation (4a) can be written as:
wherex and z must have the same parity. So far, this shows that a QP 2 exists in dimension 8k if and only if there existx, z ∈ Z such thatx ≡ z mod 2, Equation (10), and Equation (4b) in Theorem 1 hold.
Next, we eliminate Equation (4b) through another change of variables. Before proceeding, we need the following 2-adic numbers:
Using the variablesx and z, the e 1 ·L condition (4b) can be written as
Since the 2-adic order of the left hand side is
we can multiply by 2 4k−ν 2 (k)−wt(k)−1 in (11) and expand s k using the definition to get
This allows us to write z as
for some integer l with the same parity as z. The following lemma ensures that z ∈ Z for any integersx and l (of the same parity or not). This lemma implies that Equation (13) holds for some l of the same parity at z if and only if Condition (11) holds. In other words, we can use Equation (13) to make the change of variables from (x, z) withx ≡ z (mod 2) to (x, l) withx ≡ l (mod 2).
Proof. The odd part of the denominator of the divided Bernoulli number is
, which means it divides (2k)(3k). Altogether, we have that OD 2k divides (2k − 1)!(2k + 1)(2k)(3k), which divides (4k − 1)!. Since OD 2k is odd, the result follows.
Altogether, these arguments show that a QP 2 exists in dimension 8k if and only if there exist integersx, l ∈ Z such thatx ≡ l mod 2 and such that Equations (10) and (13) hold. Substituting Equation (13) into Equation (10), we derive an equation inx and l that holds for somex and l of the same parity if and only if a QP 2 exists in dimension 8k. We determine the precise equations in the cases k = 2 a and k = 2 a + 2 b with a < b separately.
Theorem 6 (Dimension 8k where k = 2 a ). There exists a QP 2 in dimension 8k = 8(2 a ) if and only if there is integer solutionx to the quadratic residue equation
and where ρ k = OD 4k /OD 2k .
Remark 7. We remark that, ifx is a solution to Equation (14) and l ∈ Z such that a kx 2 + b k l = c k , then it follows by the parities of a k , b k , and c k thatx and l have the same parity. Hence the condition thatx ≡ l mod 2 is not required in Theorem 6.
Remark 8. In this case of k = 2 a ,
It follows that ρ k = OD 4k /OD 2k is 1 unless p = 4k + 1 is a Fermat prime, in which case ρ k = 4k + 1. The only known examples of Fermat primes are F i = 2 2 i + 1 where 0 ≤ i ≤ 4. It is known that F i is composite for 5 ≤ i ≤ 32.
Proof. Since k = 2 a , we have ν 2 (k) = a, wt(k) = 1, and (−1) k+1 = −1, so the signature equation (10) becomes
The e 1 ·L condition (13) becomes
Substituting Equation (16) into Equation (15), replacing OD 4k by ρ k OD 2k , and simplifying yields
where a k , b k , and c k are as in the theorem. Reducing modulo b k , we obtain Congruence (14).
We now consider dimensions of the form n = 8k = 8(2 a + 2 b ) with a < b. Recall that it remains an open problem whether such a dimension supports a QP 2 .
Theorem 9 (Dimensions 8k where k = 2 a + 2 b and a < b). There exists a QP 2 in dimension 8k = 8(2 a + 2 b ) with a = b if and only if there is an odd integer solutionx to the quadratic residue equation
Proof. In the case that k = 2 a + 2 b with a = b, we have wt(k) = 2, and ν 2 (k) = min{a, b} = a without loss of generality, so the signature equation (10) becomes
Substituting (19) into (18) and proceeding as in the previous proof implies the theorem.
Existence in dimensions 128 and 256
Recall that dimensions 4, 8, 16, and 32 are known to support the existence of a QP 2 . Having simplified the signature and Hattori-Stong integrality conditions to a single quadratic reciprocity condition in the previous section, we proceed to the proof that dimensions 128 and 256 also support a QP 2 .
Proof of existence in dimensions 128 and 256. It suffices to prove that Equation (14) has solution when 8k = 128, i.e., when k = 16. Factoring out the common divisor of OD 2k = 3·5·17 from a k , b k , and c k , Equation (14) is equivalent to an equation of the form For dimension 256, one proceeds similarly to check that Equation 14 has a solution when 8k = 256, i.e., when k = 32. Again it happens that the greatest common divisor of a k , b k , and c k is OD 2k = 3·5·17.
Non-existence results in higher dimensions
So far, all the dimensions known to not support a QP 2 were proved by obstructing the signature equation. As stated in [FS16, Lemma 3.2], one can search for an irregular prime p such that p ≡ 5 (mod 8), ν p (s 2k ) > 0 and ν p (s k ) = 0 to obstruct the signature equation in a candidate dimension of the form n = 8k where k = 2 a + 2 b . Adopting the same idea and using the more explicit necessary and sufficient conditions derived in Theorems 6 and 9, we prove the following proposition stating that any prime p ≡ ±3 (mod 8) detected as a factor of the the numerator of the divided Bernoulli number is an "obstructing" prime. Proof. The second statement follows immediately from the first. To prove the first, we claim that a QP 2 exists in dimension 8k only if two is a quadratic residue modulo N 4k . Indeed, when k = 2 a , Theorem 6 implies that somex ∈ Z exists such that
Similarly, when k = 2 a + 2 b and a = b, Theorem 9 implies that
Since OD 2 4k and N 4k are coprime, the claim follows. Now if N 4k has a prime factor p ≡ ±3 (mod 8), 2 is a quadratic nonresidue modulo p. Since two is a quadratic residue modulo N 4k only if two is a quadratic residue modulo p r for every prime power dividing N 4k , 2 is also a quadratic nonresidue modulo N 4k . This implies that no QP 2 exists in this dimension.
In the following corollary, we use Carlitz's congruence to find families of dimensions where N 4k ≡ ±3 (mod 8). Then Proposition 10 implies non-existence of QP 2 in these dimensions.
Corollary 11. No QP 2 exists in dimension 8k for all k of the form 2 a+i + 2 a with i ∈ {1, 2, 3, 5, 7} and a ≥ 0.
Note that the corollary provides infinite families of dimensions 8(2 a + 2 b ) with a = b that do not support a QP 2 , which implies part of Theorem B. We remark that this corollary holds for many more values of i, and we suspect it holds for infinitely many values of i.
Proof. We show that N 4k ≡ ±3 (mod 8) for all k of the form 2 a+i + 2 a with i ∈ {1, 2, 3, 5, 7} and a ≥ 0. Firstly one can computationally verify the claimed values k of the form 2 i + 1 (i.e., those special values with a = 0). This can be done with a computer or by hand using some of the observations that follow. We omit the proof of this part. Once this is done, it suffices to show that N 4k ≡ N 4(2 i +1) for all k of the form 2 a+i + 2 a = 2 a (2 i + 1). To show the latter claim, recall that Carlitz [Car53] proved that 2 a+3 divides 2B 4k − 1 since 2 a+2 divides 4k (cf. [How95, Theorem 2]). We write B 4k = 4kN 4k /D 4k = Od[4k]N 4k /(2OD 4k ) in terms of the numerator N 4k and denominator D 4k = 2 ν 2 (4k)+1 OD 4k of the divided Bernoulli number B 4k /(4k). Multiplying by 2OD 4k and applying the Carlitz congruence, we have that (2 i + 1)N 4k ≡ OD 4k modulo 2 a+3 and hence modulo 8. To complete the proof, it suffices to show that the reduction of OD 4k modulo 8 is independent of a where again k = 2 a (2 i + 1).
We have that OD 4k is the product of p 1+νp(4k)
where P 2 is the set of primes p of the form 2d + 1 for some divisor d of 2 i + 1 and where, similarly, P 4 is the set of primes p of the form 4d + 1 for some divisor d of 2 i + 1. Clearly this quantity is independent of a, so we have
Note that the problem in dimensions less than 256 has been resolved in [Su14, FS16] . Now we are ready to prove the non-existence dimensions included in Theorem A.
Theorem 12 (Theorem A). There does not exist a QP
2 in dimension n = 8k when 256 < n < 2 13 except possibly when n ∈ {544, 1024, 2048, 4160, 4352}.
Proof. For all 8k = 8(2 a + 2 b ) strictly between 256 = 8(2 5 ) and 8192 = 8(2 10 ) except the five exceptions stated in the theorem, we show that the numerator of the divided Bernoulli number N 4k either is congruent to ±3 (mod 8) itself, or it has a prime divisor p ≡ ±3 (mod 8). Then Proposition 10 concludes these dimensions do not support a QP 2 . Firstly, we eliminate all dimensions 8k where k = 2 a + 2 a−i with i ∈ {1, 2, 3, 5, 7}, since we have shown in Corollary 11 that N 4k itself is congruent to ±3 (mod 8) in these dimensions. In Table 1 , we list all the remaining values of k = 2 a + 2 b in the range we consider. While N 4k ≡ ±1 (mod 8) in each of the dimensions, we frequently find N 4k has an irregular prime factor p ≡ ±3 (mod 8), which then obstruct existence of QP 2 by Proposition 10. Note that for the values of k of the form 2 a and in the range we consider, we are able exclude k = 2 6 (i.e., dimension 2 9 ) and k = 2 9 (i.e., dimension 2 12 ) using the irregular primes 67 and 37, respectively.
Remark 13. We remark on the limits of this method to further obstruct existence of QP 2 . The Bernoulli numerators and their irregular prime factors are of great importance in number theory, and with the aid of computers, factorizations of high order Bernoulli numerators have been done by various authors. Sam Wagstaff's webpage [Wag] maintains a list of known prime factors of the Bernoulli numerators up to B 300 . We used this list to check whether N 4k has a prime factor p ≡ ±3 (mod 8).
In dimensions 8k ∈ {544, 1024, 2048, 4160, 4352, 8192}, we put "?" in the column of irregular prime. This indicates that, based on [Wag] , we do not know whether N 4k has a prime factor p ≡ ±3 (mod 8). We now state a second approach to obtain more nonexistence results. We thank Sam Wagstaff for pointing us to the Kummer's congruence, which is applied to extend Proposition 10 to rule out families of dimensions by the obstructing irregular primes. Proof. Suppose p is an prime factor of the numerator of |Bm| m . By Kummer's congruence, whenever 4k ≡ m (mod p − 1),
so p is also a prime factor of the numerator of
If, in addition, p ≡ ±3 (mod 8), Proposition 10 implies that no QP 2 exists in dimension 8k.
Applying Proposition 14 to the first irregular prime 37, which divides N 32 , we obtain the following result.
Proposition 15 (Obstruction by the irregular prime 37 dividing N 32 ). There does not exist a QP 2 in any dimension of the form n = 2 6r+5 +2 6s+5 or n = 2 6r+3 +2 6s+7 for any r, s ∈ Z ≥0 . In particular, there is no QP 2 in dimension 2 6r for any r ≥ 1.
Proof. Note that 4k = 4(2 a + 2 b ) ≡ 32 (mod 37 − 1) whenever 2 a + 2 b ≡ 8 (mod 9). This holds whenever (a, b) ≡ (2, 2) (mod 6) or (a, b) ≡ (0, 4) (mod 6), as 2 6 ≡ 1 (mod 9) by the
(3') (Pontryagin numbers of QP 2 ) p 2 k , µ = x 2 and p 2k , µ = y for some integers x and y Condition (2') characterizes the integral lattice in Q p(8k) formed by all possible Pontryagin numbers of smooth 8k-dim Spin manifolds. The totalÂ class can be written aŝ
, where the coefficients
Similar to the smooth case, the signature equation (1') and the spin integrality condition (2') together can be written as a set of integrality conditions on the Pontryagin numbers x 2 = p 2 k , µ and y = p 2k , µ . In [FS16] , it was shown that there is no solution to (1') and (2') together in dimension 32, which proved the nonexistence of spin structure on any 32 dimensional QP 2 . Now we prove the following theorem, a special case of which asserts the nonexistence of Spin QP 2 in any dimension greater than 16. 
In our case of Spin QP 2 , the dimension is either four or of the form 8k. Since a 4-dimensional Spin manifold must have even intersection form, a QP 2 in dimension four cannot be Spin. For dimensions 8k, Theorem 18 applies. Since the signature is 1, we have the estimate
which is contradiction unless k ∈ {1, 2}. Hence the following is immediate. 
(23b)
By (23c), ξ = [(2k − 1)!] 2 ξ 1 for some integer ξ 1 . Let z = 2y − ξ. The signature equation (23a) and theÂ genus condition (23b) can be written as
for some m ∈ Z. Using the fact that s 2k = −2 4k+1 (2 4k−1 − 1)a 2k , we use the second equation to eliminate z in the first equation. This yields, after simplification,
Computing ν 2 of each of the two summands on the left-hand side yields
and 4k + 2 + ν 2 (m). Both of these are at least 4k − 5 − 2ν 2 (k), so
as claimed.
Existence of rational projective spaces
Generalizing the notion of rational projective plane, a simply connected closed smooth manifold M is called a rational projective space if H * (M ; Q) ∼ = Q[α]/ α n+1 , n ≥ 1. We let QP n d denote a (nd)-dimensional rational projective space where d is the degree of the generator. In [FS16] , it was shown that higher dimensional analogues of rational Cayley planes, i.e., QP n 8 for n > 2, exist in dimension 8n whenever n is odd. We prove the following theorem that extends existence results on rational projective plane to rational projective spaces. Proof. Assume m is an integer such that 4k/m is an even integer. Let A denote the 8k-dimensional rational graded commutative algebra Q[α]/ α 2m+1 where |α| = 4k/m. Note that A is realizable as a cohomology ring only if the degree of the generator |α| = 4k/m is even. By the Sullivan-Barge rational surgery realization theorem, there exists a 8k-dimensional closed smooth manifold M such that H * (M ; Q) = A if and only if there exist choices of cohomology classes p i ∈ H 4i (X; Q) for i = 1, . . . 2k, where X is a Q-local space carrying the desired rational cohomology data such that H * (X; Q) = H * (X; Z) = A; and a choice of fundamental class µ ∈ H 8k (X; Q), such that the pairs p i 1 · · · p ir , µ , i 1 +· · ·+i r = 2k are integers that satisfy (i) The signature equation that L(p 1 , . . . , p 2k ), µ = 1 (ii) The Hattori-Stong integrality conditions that Z[e 1 , e 2 , . . .]·L , µ ∈ Z[1/2].
Theorem (Theorem D). If a QP
(iii) The rational intersection form · ∪ ·, µ is isomorphic to 1 . If we let the choice of cohomology classes be p i = 0 except p k and p 2 k , Conditions (i) and (ii) become exactly the same as the corresponding conditions to realize a QP 2 , which are stated as (1) and (2) in section 1. Moreover, the substitution stated in (3) in the QP 2 case still holds true here. By the desired rational cohomology ring A, any choice of cohomology classes p k and p 2k can be written as p k = aα m and p 2k = bα 2m for some rational numbers a and b. Under a choice of orientation, (iii) requires the rational intersection form with respect to µ to be isomorphic to 1 and the signature is 1, so the choice of µ must satisfy α 2m , µ = r 2 for some rational number r, therefore we may still express the pairs p 2 k , µ = a 2 r 2 = x 2 and p 2k , µ = br 2 = y, where x and y must be integers. So under such choice of having all p i = 0 except p k and p 2 k , the sufficient conditions to realize a QP 2 4k in dimension 8k are also the sufficient conditions to realize a QP 2m 4k/m in dimension 8k. As an application of this theorem, combined with the the existence of a QP 2 in dimensions 32, 128, and 256, we have the following existence results of rational projective spaces. Remark 22. It is natural to ask if one can obtain a general existence theorem for rational projective spaces similar to the quadratic residue equation stated in Theorem 6 and Theorem 9 for rational projective planes. For the case of QP
